of open superstring field theory can be covariantly expressed in terms of one NS and one R string field, picture-changing problems prevent the construction of an action involving these two string fields. However, a consistent action can be constructed by dividing the NS and R states into three string fields which are real, chiral and antichiral.
Introduction
Open superstring field theory has recently returned to center stage due to the work of Sen and others on tachyon condensation [1] . Although the Ramond sector of open superstring field theory is not directly related to tachyon condensation, an understanding of this sector is crucial for studying other properties of the superstring action. For example, it will be argued below that certain terms involving the Ramond sector are expected to satisfy non-renormalization theorems.
Although a cubic open superstring field theory action involving both the NeveuSchwarz (NS) and Ramond (R) sectors was proposed in [2] , this action (as well as all others [3] constructed using picture-changing operators) suffers from problems caused by the presence of picture-raising and picture-lowering operators. The picture-raising operator appears in the NS interaction term and leads to contact-term divergences in tree-level scattering amplitudes [4] . The picture-lowering operator appears in the R kinetic term and, as will be discussed in section 2, leads to a breakdown of gauge invariance due to its nontrivial kernel. Another problem with the picture-lowering operator is that it does not commute with the b ghost and therefore cannot appear in the closed superstring kinetic term for the R-NS, NS-R or R-R sectors.
As discussed in earlier papers [5] [6], the above picture-changing problems can be avoided by working in the large RNS Hilbert space [7] which includes the ξ zero mode coming from fermionizing the (β, γ) ghosts. The NS contribution to the field theory action resembles a Wess-Zumino-Witten model where the group generator g is related to the NS string field Φ by g = e Φ and multiplication of string fields in the exponential uses Witten's midpoint interaction [8] .
A natural question is how to include the Ramond contribution to the superstring field theory action. This question was partially answered in [5] where a manifestly N=1 d=4
super-Poincaré covariant action was constructed by splitting the NS and R states into a real, chiral and antichiral string field. However, the resulting action was quite complicated and it was unclear if other actions could be constructed which preserve more symmetries.
In this paper, it will be argued that splitting the NS and R states into three string fields is necessary for constructing consistent superstring field theory actions. Although the open superstring field theory equations of motion can be covariantly expressed in terms of a single NS and R string field, it is not possible to construct a consistent action out of these two string fields 2 . But by using three string fields consisting of a real, chiral and antichiral string field, a consistent action can be constructed which reproduces the desired equations of motion. This action includes a WZW-like term constructed from the real string field, a kinetic term for the chiral and antichiral string fields coupled minimally to the real field, and a holomorphic and antiholomorphic Chern-Simons-like term constructed from the chiral and antichiral fields. The holomorphic Chern-Simons-like term involves integration over a chiral subspace and therefore resembles a superspace F-term. For the usual reasons, this F-term is expected to satisfy non-renormalization theorems.
Depending on how the NS and R states are distributed among the three string fields, different subgroups of d=10 super-Poincaré covariance can be manifestly preserved. For example, in a flat background, superstring field theory actions can be constructed which manifestly preserve either d=8 Lorentz covariance or N=1 d=4 super-Poincaré covariance.
The difficulty in constructing actions with manifest d=4k + 2 Lorentz covariance is related to the presence of self-dual (2k + 1)-forms in d=4k + 2.
In section 2 of this paper, equations of motion will be defined using a single NS and R string field, and it will be argued that they cannot come from varying an action.
In section 3, an open superstring field theory action will be constructed by splitting the superstring states into three string fields. In section 4, it will be shown how different choices for splitting the superstring states into three string fields produce actions with different manifest symmetries. And in section 5, some open questions will be discussed including the construction of a closed superstring field theory action.
Problems using Two String Fields

Equations of motion
Although it will not be possible to construct a consistent action using a single NS and R string field, one can define equations of motion using these two string fields. In the action of [2] , the ghost-number one 3 NS and R string fields are defined in the small RNS 2 In fact, the superstring field theory equations of motion can also be expressed in terms of a single string superfield in a manifestly d=10 super-Poincaré covariant manner [9] . However, it does not appear possible to construct an action in terms of this single string superfield.
3 Unlike [7] where j ghost = cb + ∂φ, the ghost number current will be defined here as j ghost = cb+ηξ. So (η, ξ) carry ghost number (+1, −1) and picture (−1, +1) while e nφ carries ghost number zero and picture n. This definition of ghost number agrees with that of [7] at zero picture, but has the advantage of commuting with picture-changing and spacetime supersymmetry.
Hilbert space and carry picture −1 and − 1 2 . For example, the massless gluon A m (x) and gluino χ α (x) are represented by the vertex operators ce −φ ψ m A m (x) and ce
where Σ α is the RNS spin field. However, as was shown in [5] , it is more convenient for constructing actions to use string fields in the large RNS Hilbert space at ghost number zero. To linearized level, these ghost number zero string fields are related to the ghost number one string fields of [2] by adding the ξ zero mode. Since ξ carries picture +1, it is natural to define the NS and R string fields, Φ and Ψ, to carry picture 0 and 1 2 . In other words, the massless gluon and gluino will be represented by the vertex operators
As discussed in [10] , the linearized equations of motion and gauge invariances for ghost number zero string fields in the large Hilbert space can be written
where 
Although these equations of motion and gauge invariances appear complicated, they simplify when expressed in terms of the ghost number one string fields V = e −Φ (Qe Φ ) and Ω = ηΨ. In terms of V and Ω, (2.2) implies
3)
4 To avoid confusion with the picture subscript, the notation η will be used instead of η 0 .
Note that the linearized contributions to (2.3) are the standard BRST conditions for ghost number one vertex operators in the small Hilbert space, i.e.
The above equations of motion and gauge invariances can be simplified even further by defining
where G n and A n carry picture n. Then (2.2) and (2.3) are equivalent to 
Problems with an action
Although the equations of (2.6) are an obvious analog of the bosonic string field theory equations of motion and gauge invariances, picture changing problems prevent the construction of an action which yields these equations of motion. If one sets to zero the Ramond string field, a Wess-Zumino-Witten-like action can be constructed out of the NS string field Φ which yields the desired equation of motion η(e −Φ (Qe Φ )) = 0. However, there is no way to consistently include a single Ramond string field Ψ into this action.
This impossibility can already be seen by analyzing the kinetic term for the Ramond string field. To recover the linearized equation of motion Q ηΨ = 0, one would need a kinetic term ΨQ ηΨ . However, since the large Hilbert space norm is defined as ξe −2φ c∂c∂ 2 c = 1, a non-vanishing kinetic term must carry picture −1. But since Ψ cannot carry zero picture, ΨQ ηΨ cannot carry picture −1.
One possible solution [11] [2] would be to insert the picture-lowering operator Y = c∂ξe −2φ at the midpoint of the kinetic term as
However, this would produce the equation of motion Y (π)Q ηΨ = 0 and, since Y (π) has a nontrivial kernel, would not imply Q ηΨ = 0. Note that the kernel of Y (π) only includes string states which are singular at their midpoint and therefore does not include "smooth"
states, i.e. states constructed from the ground state with a finite number of mode operators.
However, since the product of two smooth states is not necessarily smooth, the kernel of Y (π) is nontrivial in the complete Fock space of string states.
One could try to truncate out all string states in the kernel of Y (π) [12] , but such a truncation would ruin the associativity properties of the midpoint interaction, leading to a breakdown of gauge invariance. In other words, if the operator T truncates out states in the kernel of Y (π), the truncated product of three smooth string states [A, B, C] is either
, which depends on the order of multiplication. One could also try to gauge away all states in the kernel of Y (π) since the kinetic term of (2.7) is invariant under δΨ = Λ for Λ ∈ ker Y (π). However, there is no such gauge transformation which also leaves invariant the interaction terms. So just as insertion of the picture-raising operator X = {Q, ξ} creates inconsistencies due to contact term divergences, insertion of the picture-lowering operator Y = c∂ξe −2φ creates inconsistencies due to its nontrivial kernel.
Furthermore, the natural generalization of the R kinetic term of (2.7) to closed superstring field theory is the R-R kinetic term
where the unhatted and hatted operators are left and right-moving, and Φ RR is the R-R closed string field at ghost number zero and (left,right)-moving picture ( 
where O is the kinetic operator [13] . So (2.8) is inconsistent even before worrying about the nontrivial kernel of Y Y .
An alternative method for constructing a Ramond kinetic term is to split the Ramond states into two string fields, Ψ and Ψ, where Ψ is defined to carry picture + 1 2 and Ψ is defined to carry picture − 1 2 . Although this method necessarily breaks manifest d=10 Lorentz covariance (since the sixteen component d=10 spinor is broken into two eight component spinors), it allows one to construct the non-vanishing kinetic term ΨQ ηΨ .
As will be seen in the following sections, such a solution beautifully generalizes to a full nonlinear open superstring field theory action.
Open Superstring Formalism with Three String Fields
Equations of Motion
Since one now has three string fields [Φ, Ψ, Ψ], one has to decide how the NS and R states are distributed among these fields. Suppose that one can define a conserved charge C such that all superstring states carry one of three distinct values of this charge.
Normalizing C such that η carries charge C = −1, it will be argued below that one can only construct consistent actions if these three distinct C-charges are C = 0, C = will be represented by Ψ. The hermiticity properties of these three string fields will be discussed at the end of subsection (3.3).
So just as picture was used in the previous section to distribute states among two string fields, C-charge will be used here to distribute states among three string fields. As will be shown in section 4, different choices for C produce different actions with different manifest symmetries. Although there will be no d=10 Lorentz invariant choice of C, there are choices which preserve either d=8 Lorentz invariance or N=1 d=4 super-Poincaré invariance.
To construct an action in terms of the three string fields [Φ, Ψ, Ψ], one first needs to find nonlinear equations of motion and gauge invariances which generalize the linearized equations Q ηΦ = Q ηΨ = Q ηΨ = 0, (3.1)
where Λ n carries C-charge n. To simplify the discussion, Q has temporarily been assumed to carry zero C-charge although this assumption will later be relaxed in subsection (3.3).
Following the discussion of the previous section, one would like to define a gauge field
gives the nonlinear equations of motion.
one finds that the [0, − 
, ηA − 
Furthermore, the equation (G + A) 2 = 0 is invariant under the gauge transformation
where
In terms of [Φ, Ψ, Ψ], the gauge transformations are
.
So the linearized contribution to (3.4) and (3.6) reproduces (3.1).
Note that if [Φ, Ψ, Ψ] did not have C-charges [0, ]. As in (3.3), three of these equations could be satisfied by suitably defining A n . However, this would leave five equations of motion for the four string fields.
Open superstring field theory action
To obtain the equations of motion of (3. ] C-charge of the string fields must equal the background C-charge. In other words, the nonvanishing norm ξe −2φ c∂c∂ 2 c must carry −1 C-charge. With this assumption, one can easily check that (3.4) comes from varying the action
where Φ(t) is a function defined for 0 ≤ t ≤ 1 which satisfies Φ(0) = 0 and Φ(1) = Φ.
The first line of (3.7) is the same WZW-like action constructed in [6] for the NS sector.
To give an interpretation for the second line of (3.7), note that the small Hilbert space norm
can be used when all fields in the correlation function are annihilated by the η zero mode [7] . Likewise, one can define a different small Hilbert space norm
when all fields in the correlation function are annihilated by Q.
These two small Hilbert spaces resemble chiral and antichiral superspaces where the norm of (3.8) is used for chiral F -terms and the norm of (3.9) is used for antichiral Fterms. So it is natural to define a "chiral" field Ω as any field satisfying ηΩ = 0, and an "antichiral" field Ω as any field satisfying QΩ = 0. To distinguish the different Hilbert space norms, the notation F and F will denote the small Hilbert space norms of (3.8) and (3.9) respectively, and the notation D will denote the large Hilbert space norm.
F , the second line of (3.7) can be written as
where Ω = ηΨ is a chiral string field and Ω = QΨ is an antichiral string field. So the second line of (3.7) can be interpreted as the standard kinetic term and Yukawa potential for chiral and antichiral fields. Note that the cohomologies of η and Q are trivial in the large Hilbert space, so any chiral superfield Ω can be written as ηΨ for some Ψ and any antichiral superfield Ω can be written as QΨ for some Ψ. One can therefore treat Ω and Ω as fundamental chiral and antichiral string fields in the action and forget about Ψ and Ψ. Since Ω
3
F cannot be written as a D-term without introducing Ψ, one expects for the usual reasons that this F -term does not receive quantum corrections.
Q with nonzero C-charge
Although the construction of (3.7) assumed that Q carries zero C-charge, this assumption can be slightly relaxed. To preserve the structure of the equations implied by (G + A) 2 = 0, it will be necessary to assume only that
In other words, it will be assumed that Q and η only contain terms carrying C-charge 
= Ω, (3.11)
Defining G n = G n + A n , the equations of motion and gauge invariances of (3.4) and (3.6) generalize to
The action which produces the equations of motion of (3.12) is [5] :
e Φ ) (3.14)
where F and F are defined using the Hilbert space norms G −1 (ξe −2φ c∂c∂ 2 c) F = 1 and G 0 (ξe −2φ c∂c∂ 2 c) F = 1. Note that the chiral and antichiral F -terms in the last line of (3.14) rememble holomorphic and antiholomorphic Chern-Simons terms and are not expected to receive quantum corrections.
There are two possible definitions of hermiticity which are consistent with the action of (3.14). The first possibility is that all string fields [Φ, Ψ, Ψ] and operators G n are independently hermitian. The second possibility is that Φ is antihermitian, Ψ is the hermitian conjugate of Ψ, and G n is the hermitian conjugate of G −1−n . 
Splitting the States into Three String Fields
Conditions for the C-charge
In this section, the action of (3.14) will be made explicit by giving two examples of C-charge. As discussed in section 3, consistency of the action implies that the C-charge must be a conserved charge with the following properties: 1) All superstring states must carry C-charge 0 or ± Since the term η∂ηe 2φ b in Q is the term with trivial cohomology, this term should carry zero C-charge. And since both η and ξe −2φ c∂c∂ 2 c must carry C-charge −1, e nφ must carry C-charge n and (b, c) must carry C-charge zero. This implies that C = P + 1 3 N where P is picture and N is some conserved charge constructed from the RNS matter fields. Furthermore, since 3C must be an integer, N must be chosen such that NS states carry integer N -charge and R states carry half-integer N -charge.
In a flat background, examples of such N -charges are
5 Using the second hermiticity definition, the action of (3.14) naively appears to be imaginary.
However, in the explicit example considered in subsection (4.3), ξe −2φ c∂c∂ 2 c will be imaginary with this definition. So if one defines ξe −2φ c∂c∂ 2 c = 1, the action of (3.14) is real since the norm is imaginary.
for J = 1, J = 3 or J = 5. These examples (up to Wick rotations) manifestly preserve an SO(10 − 2J)× U(J) subgroup of the d=10 Lorentz group. The examples J = 1 and J = 3 will be explicitly discussed below, and the example J = 5 can be treated similarly if one ignores hermiticity questions.
Note that J must be odd in (4.1) in order that R states carry half-integer N -charge.
This dependence on J might seem strange, but at the end of section 5, an R-R kinetic term will be constructed with d=10 − 2J Lorentz invariance. When J is even, the Type IIB R-R spectrum in d=10 − 2J contains a self-dual (5 − J)-form field strength, so one expects to find problems with constructing an action.
Manifest d=8 Lorentz covariance
Splitting the Ramond states into different string fields implies that the sixteen component d=10 spinor must split into two eight component spinors. So the maximum Lorentz subgroup which can be manifestly preserved is d=8 Lorentz covariance. As will now be shown, this can be achieved by defining
where P is the picture and ψ 0 ψ 9 is the SO(1,1) charge in the M 09 direction. An SO(1,1) boost direction has been chosen, so following the discussion at the end of section 3, one can use the first hermiticity definition in which Ψ and Ψ are independent hermitian string fields. If one had instead chosen a U(1) rotation direction (e.g.
would use the second hermiticity definition in which Ψ and Ψ are hermitian conjugate string fields.
With the choice of (4.2), Q + η splits into terms of C-charge [0,
where the terms of C-charge ± 1 3 are ηe φ ∂x − ψ + and ηe φ ∂x + ψ − using the notation
and
. To remove the unwanted term of C-charge + 1 3 , one can perform the similarity transformation
To show that (4.3) only has terms with C-charge [0, − So the similarity transformation of (4.3) takes Q + η into 
With G n defined by (4.7) and the string fields [Φ, Ψ, Ψ] defined using (4.2), (3.14) gives a manifestly d=8 Lorentz covariant open superstring field theory action.
Note that (4.2) implies that the massless gluon A m (x) and gluino χ α (x) split into the following components of the string fields:
where χ a = (γ + χ) a and χȧ = (γ − χ)ȧ are the SO(8) components of χ α . One can check that the gluino contribution
comes from the terms
in (3.14).
Manifest N=1 d=4 super-Poincaré covariance
A second possible choice for the C-charge is
This charge easily generalizes to C = P + 1 3
∂H for compactification on a Calabi-Yau threefold with U(1) current J CY = ∂H. Because ∂H is antihermitian, the string fields and operators must satisfy the second hermiticity definition, i.e.
. (4.12)
As will now be shown, the above hermiticity conditions are natural if one rewrites the RNS worldsheet variables in terms of d=4 Green-Schwarz-like variables [15] , which also allows N=1 d=4 super-Poincaré covariance to be made manifest.
The first step to constructing an N=1 d=4 super-Poincaré covariant action is to perform the similarity transformation 
where S is defined in (4.4), one finds
Equation (4.14) can be written in manifestly N=1 d=4 super-Poincaré covariant notation by defining the d=4 Green-Schwarz-like variables [15] 
where Σ α and Σα are d=4 spin fields constructed from [ψ 0 , ψ 1 , ψ 2 , ψ 3 ] and (α,α) = 1 to 2. Note that the variables of (4.15) are GSO-projected and satisfy free-field OPE's.
One question is how to generalize the action of (3.14) to include the GSO(−) superstring states which are present for non-BPS D-branes and for D-brane/anti-D-brane configurations [17] . As will be shown in a separate paper [18] with Carlos Tello Echevarria, these GSO(−) states can be easily included by adjoining 2 × 2 matrices to the three string fields and operators of (3.14), as was done for the NS action in [19] . Such an action might be useful for studying broken supersymmetry before tachyon condensation as proposed by Yoneya [20] .
A second question is if the different actions produced by different splittings are related by a field redefinition. It is easy to show that the equations of motion of (3.12) for different splittings are related by a field redefinition since (3.12) can be written in a splittingindependent manner as (G + A) 2 = 0. So any solution to the equations of motion using one splitting is also a solution using another splitting. However, it is not obvious that there exists an off-shell field redefinition which relates the different actions.
A third question is which worldsheet conformal field theory backgrounds allow construction of an open superstring field theory action, i.e. which backgrounds allow definition of a C-charge with the desired properties. It might seem strange that not all N=1 c=15 superconformal field theory (scft) backgrounds allow construction of an open superstring field theory action. However, this should not be too surprising since, for example, R-R backgrounds cannot be described by an N=1 c=15 scft since they mix the RNS matter and ghost fields.
To describe R-R backgrounds [21] [22], one needs to embed the superstring in a worldsheet N=2 c=6 scft [10] . An open superstring field theory action in a worldsheet N=2 scft background can be defined by replacing G = Q + η of (3.14) with G = (
where G + and G + are constructed from the fermionic worldsheet N=2 generators as explained in [10] . For example, the action constructed in subsection (4.3) generalizes to an AdS 2 × S 2 background with R-R flux by replacing the flat d=4 Minkowski background with the N=2 scft described in [22] . It would be interesting to know precisely which N=2 c=6 scft backgrounds allow construction of an open superstring field theory action.
A final question is if the methods of this paper are useful for constructing a closed superstring field theory action. Although the NS-NS contribution to such an action can be constructed as in [23] , the only successful construction up to now of a kinetic term for the R-R sector [24] uses the SU(1,1) formalism [25] of Siegel and Zwiebach. However, even for bosonic string field theory, the SU(1,1) formalism has not yet been generalized to include interactions. Furthermore, the R-R kinetic term of [24] involves an infinite number of fields, which is not surprising because of the self-dual five-form in the Type IIB R-R sector.
Since the closed string field can be understood as the "left-right" product of two open string fields, the methods of this paper suggest introducing a closed superstring field Φ m, n carrying left-moving C-charge m for m ∈ [0, ± where (G + , G + , J ++ ) and ( G + , G + , J ++ ) are constructed from the left and right-moving N=2 superconformal generators as described in [10] .
Unfortunately, the kinetic term of (5.1) does not seem to generalize when Q carries non-zero C-charge, i.e. when G = Q + η = G 0 + G − + G −1 . Nevertheless, using the C-charges constructed in section 4, one could consider defining (5.1) where Q and η are replaced by G 0 and G −1 . Using the C-charge of subsection (4.2), this would give the eight-dimensional contribution to the kinetic term, i.e. the contribution from string fields which are independent of x ± and ψ ± . And using the the C-charge of subsection (4.3), this would give the four-dimensional contribution to the kinetic term, i.e. the contribution from string fields which are independent of x ±j and Γ ±j . Note that these four and eightdimensional contributions do not contain self-dual field strengths in the R-R sector, so one does not expect any problems. However, if one could have constructed a C-charge which preserved d=10 − 2J Lorentz invariance for J even, one would expect problems since there are self-dual (5 − J)-form field strengths in the (10 − 2J)-dimensional contribution to the R-R kinetic term.
